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Abstract
We determine the finite groups possessing a standard subgroup which is the covering group of an alter-
nating group, and whose centralizer is of 2-rank at least 2. The result is one step in the original proof of the
classification of the finite simple groups, and presumably also in improvements to that proof. The paper is
a modification of the original preprint, which had remained unpublished since the seventies.
© 2006 Elsevier Inc. All rights reserved.
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A subgroup K of a finite group G is tightly embedded in G if K has even order while K ∩Kg
has odd order for each g ∈ G − NG(K). A quasisimple subgroup A of G is standard in G if
K = CG(A) is tightly embedded in G, NG(K) =NG(A), and for each g ∈G, [A,Ag] = 1.
In the Classification of the finite simple groups, one attempts to produce a standard subgroup
A in a minimal counter example G to the Classification, and then use the existence of A to show
G is a known simple group, contrary to the choice of G. Moreover [A1] shows that if G is not
of characteristic 2-type and satisfies the so-called B-conjecture, then G (essentially) contains a
standard subgroup. Thus the investigation of standard subgroups is of great interest.
One natural way to subdivide the investigation is by the 2-rank m2(K) of K = CG(A). If
m2(K) = 1 then the centralizer of an involution in K is essentially determined by A, so ordinary
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hand, if m2(K) > 1 then the tight embedding of K can be used to great effect to restrict the
structure of both K and A, and hence also restrict the structure of the centralizers of involutions
in K . Indeed there are very few almost simple groups containing a tightly embedded subgroup
of 2-rank greater than one, whose normalizer is not 2-constrained. One such class of groups is
the alternating groups. In this paper we obtain the following characterization of the alternating
groups in terms of standard components:
Theorem. Let G be a finite group with O(G) = 1. Assume A is a standard subgroup of G such
that m2(CG(A)) > 1 and A/Z(A) is isomorphic to an alternating group An of degree n. Then
one of the following holds:
(1) AG.
(2) A∼=A5 and G∼= J2, Aut(J2), or Aut(M12).
(3) G∼=An+4.
This paper was originally written in the early seventies to test an approach to the Classification
of groups with a standard component with a centralizer of 2-rank at least 2. For one reason or
another, I never submitted the paper for publication. However it is part of the original proof of
the Classification, and perhaps will become part of the second generation proof. Thus in order to
make the literature a bit more complete, I have finally prepared the paper for publication some
30 years after it was originally written.
However I have made some changes to the original manuscript, which hopefully represent
improvements. In particular in the original paper, the groups in the conclusion of the Main Theo-
rem with n 7 were identified using characterizations of those groups via their Sylow 2-groups
in papers of Gorenstein and Harada. Then for n > 7, the alternating groups An+4 were identi-
fied using the commuting graph on root groups. The papers of Gorenstein and Harada appeal to
earlier characterizations in terms of the centralizers of 2-central involutions. Thus to eliminate
appeals to large chunks of the literature, I have rewritten the paper so that the alternating groups
An+4 with n 6 are recognized by an easy presentation in Dickson [D]. Then I have added an
additional section, which provides a sketch of a proof showing how to replace the appeals to
the Gorenstein–Harada characterizations at n = 5, with more modern papers characterizing the
groups via the centralizers of 2-central involutions, that have easier proofs.
In either case, the proof leading up to the identification of the groups has two steps: First,
determine the tightly embedded subgroups of 2-rank 2 or more in extensions of A. Second,
use this information to determine K = CG(A) and the fusion of involutions of K in NG(A).
The second step is made possible by the observation that, for g ∈ G − NG(A) with NKg(A) of
even order, NKg(A) is tightly embedded in NG(A), so that such intersections are controlled by
Aut(A). Indeed in most cases the intersection contains a Sylow 2-subgroup of Kg . The first step
is facilitated in the case A∼=An by the convenient presentation of Aut(A)∼= Sn (for n = 6).
See [FGT] for notation and terminology involving finite groups. For example given a permu-
tation representation of a group G on a set Ω and a subset Δ of Ω , we write GΔ and G(Δ), for
the pointwise and global stabilizers in G of Δ, respectively, and we set GΔ = G(Δ)/GΔ with
induced permutation representation on Δ.
Given a G-invariant collection D of subgroups of G, D(D) denotes the commuting graph on
D with vertex set D and edges (A,B), where [A,B] = 1 and A = B .
M. Aschbacher / Journal of Algebra 319 (2008) 595–615 597Let G be an alternating group on a set X. A root group of G is a 4-subgroup U in which
each involution in U moves the same set M(U) of four letters on X. A trunk group of G is an
E8-subgroup of G in which each involution moves the same set of 8 letters of X.
Sometimes we consider quasisimple groups satisfying the following hypothesis:
Hypothesis II. A is a quasisimple finite group such that whenever A is a subgroup of a finite
group G and Q  NG(A) with Q tightly embedded in QA, Q = O(Q)T with T ∈ Syl2(Q),
Φ(T )= 1, m2(T ) > 1, and A ΓT,1(A), then T ACG(A).
Using the Classification of the finite simple groups, it can be shown that all quasisimple groups
satisfy Hypothesis II.
2. Preliminary results
In this section G is a finite group.
2.1. Assume A is a standard subgroup of G and let X = 〈AG〉. Assume O(G) = 1 and X = A.
Then F ∗(G)=X and either
(1) X is simple, or
(2) CG(A) is of order 2, A is simple, and XCG(A) is the wreath product of A by Z2.
Proof. Let K = CG(A), R ∈ Syl2(K), and t an involution in R. Then A is a component of CG(t)
and O(G) = 1, so by parts (2) and (3) of 2.7 in [A1], there is a component L of G such that either
A L or L = Lt and A= C[L,t](t)∞. Further K acts on [E(G),A] = L or LLt in the respective
cases.
Suppose g ∈ G −NG(L). As A is standard in G, [A,Ag] = 1, so A L and hence L = Lt .
As K acts on LLt , |K : NK(L)| = 2. But if NR(L) = 1 we could have chosen t ∈ NR(L),
a contradiction. Thus R = 〈t〉 is of order 2 and K = O(K)〈t〉. Also CG(LLt) CK(LLt) is of
odd order, so as O(G) = 1, F ∗(G) = LLt and Z(L) = 1. Then A ∼= L is simple. Finally O(K)
centralizes A and hence also LLt , so O(K) = 1 since F ∗(G)= LLt . Thus (2) holds in this case.
Thus we may assume LG, so in particular A L. But CG(L)K and NG(U)NG(A)
for each subgroup U of K of even order. Therefore as A = X, CG(L) is of odd order. Thus as
O(G)= 1, L= F ∗(G) is simple, so (1) holds. 
2.2. Assume A is a standard subgroup of G such that O(G) = 1 and A is not normal in G. Let
K = CG(A) and let J consist of those J ∈KG − {K} such that NJ (A) is of even order. Then
(1) J = ∅.
(2) For J ∈ J and T ∈ Syl2(J ), ΓT,1(A) =A.
Proof. Assume (1) fails and let Y = 〈KG〉. Then by Theorem 2 in [A1], NY (A) is strongly
embedded in Y . But by 2.1, F ∗(G) is the unique minimal normal subgroup of G, and A 
F ∗(G). Thus A F ∗(G) Y . This is a contradiction as NY (A) is strongly embedded in Y and
O(Y) = 1, so NY (A) is solvable by [B]. Thus (1) is established.
Next assume Kg ∈ J and T ∈ Syl2(NKg (A)) with A= ΓT,1(A). Then as K is tightly embed-
ded in G with NG(A) = NG(K), A  NG(Kg). As K ∩ Kg is of odd order and K = CG(A),
[T ,A] = 1. Thus as A is quasisimple and T -invariant, A = [A,T ] [Kg,A]Kg = CG(Ag),
contradicting A standard in G. 
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m2(K) > 1. Then either
(1) |K|2 = 4 and for some g ∈G−NG(A), |Kg :NKg(A)| is odd, or
(2) for each g ∈ G−NG(A) such that a Sylow 2-subgroup T of NKg(A) is nontrivial, we have
T ∈ Syl2(Kg), Φ(T )= 1, A = ΓT,1(A), and NR(T )= CR(T ) for each 2-subgroup R of K .
Proof. This is a restatement of Theorem 2 in [A2].
A conjugacy class D of subgroups of G is locally conjugate in G if for each pair of A,B ∈D,
either [A,B] = 1 or A is conjugate to B in 〈A,B〉. For A ∈D, set
DA =
{
B ∈D − {A}: [A,B] = 1},
and recall that D(D) is the graph with vertex set D and edges (A,B) with B ∈DA. 
2.4. Assume D is a locally conjugate conjugacy class of subgroups of G such that G = 〈D〉,
D(D) is connected, and for A ∈ D, 〈DA〉 is transitive on DA and DA = DB for B ∈ D − {A}.
Then
(1) G acts primitively on D via conjugation, and
(2) if 〈DA,A〉H <G then H NG(A).
Proof. Let α be a maximal set of imprimitivity for the action of G on D containing A. As 〈DA〉
is transitive on DA and D(D) is connected, α ∩ DA = ∅, so DA = DB for each B ∈ α by 7.8.3
in [3T]. Thus by hypothesis, α = {A}, so (1) holds. Then (2) follows from 7.8.5 in [3T]. 
A Goldschmidt group is a quasisimple group A with O(A) = 1 such that A contains an
abelian 2-group strongly closed in a Sylow 2-subgroup of A with respect to A, and not con-
tained in Z(A). By Goldschmidt’s Fusion Theorem in [Go], A is a Bender group L2(2n), Sz(2n),
or U3(2n), A ∼= L2(q) with q ≡ ±3 mod 8, 2G2(q), or J1, or A is the covering group Sˆz(8)
of Sz(8).
2.5. Assume A is a Goldschmidt group normal in a finite group G, and Q is tightly embedded
in G=QA. Let R ∈ Syl2(Q) and assume m2(R) > 1 and A = ΓR,1(A). Then Ω1(R)ACG(A)
and A/Z(A) is a Bender group.
Proof. See Section 3 in [Go] for facts about Goldschmidt groups. As A = ΓR,1(A), R is faithful
on A.
If A∼= L2(q) with q odd, then the result follows from 3.6 in [A1].
Assume A/Z(A) is a Suzuki group, a Ree group, or J1. Then the outer automorphism group
of A is of odd order, so R ACG(A). Further unless A/Z(A) is a Suzuki group, the centralizer
of each involution in A is maximal in A, with a center of order 2, impossible as m2(R) > 1, R is
faithful on A, and Q is tightly embedded in G. Thus the lemma holds in these cases.
Similarly the outer automorphism group of L2(2n) is cyclic of order n, so we may assume that
A is L2(q2) or U3(q) with q even, and t is an involution in R inducing an outer automorphism
on A. Further the outer automorphism group of A has cyclic Sylow 2-subgroups, so we may
choose an involution r ∈ R inducing an inner automorphism on A. Let S ∈ Syl2(CA(r)). Then
S ∈ Syl2(A) and NA(S) is a Borel subgroup of A, and the unique maximal subgroup of A con-
taining S. But L2(q)∼= CA(t)NA(S), so A 〈CA(t),CA(s)〉, contrary to our hypothesis. 
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Assume α is an automorphism of Q of order 3 such that [V,α] = Z. Let X = [Q,α]. Then Q is
special, CX(α)= 1, and either:
(1) X ∼=E16 and Q is isomorphic to a Sylow 2-subgroup of L3(4).
(2) X = 〈x, y〉 ∼= Z4 × Z4, V is the unique E16-subgroup of Q, CQ(α) = 〈u,v〉 with v invert-
ing X, [x,u] = y, and [y,u] = x2y2. Moreover:
(a) If s is an involution in Q− V then s ∈ vX − vZ and CQ(s)∼=E4 × Z4.
(b) If Q ∈ Syl2(G) and Z is strongly closed in V with respect to G, then Z is also strongly
closed in Q with respect to G.
Proof. Let W = CV (α); as Z = [V,α] and V ∼= E16, W ∼= E4. Recall Q = CQ(α)X (cf. 24.4
in [FGT]) Thus if Z = X then Q = CQ(α) × Z, contradicting Z = Z(Q). Hence Z = X, so as
Q/V ∼=E4, α is irreducible on Q/V = [Q/V,α] and W = CQ(α).
Suppose a ∈ Q − V and CV (a) = Z. Then CW(a) = 1, so as α is irreducible on Q/V ,
CW(a)  Z(Q) = Z, contrary to our hypothesis. Thus CV (a) = Z for each a ∈ Q − V . In
particular a2 ∈ Z, so Z = Φ(Q), and hence Q is special. Therefore Q/Z = X/Z × V/Z and
CX(α)= 1.
Suppose Φ(X) = 1. Then X ∼= E16 and as CX(α) = 1, CGL(X)(α) ∼= GL2(4) is determined
up to conjugacy in GL(X). Thus W is determined up to conjugacy in GL(X), so the semidirect
product Q = WX is determined up to isomorphism. Then as a Sylow 2-group of L3(4) satisfies
the hypothesis of the lemma, (1) holds.
Thus we may assume x is of order 4 in X. Set y = xα ; then 〈y〉 is a complement to 〈x〉 in Q.
As CV (x) = Z, there is v ∈ W with [x, v] = x2. Thus v inverts x, so as α centralizes v and 〈α〉
is transitive on (X/Z)#, it follows that v inverts each member of X. Therefore X is abelian, so
X = 〈x〉 × 〈y〉 ∼= Z4 × Z4. Similarly as CV (x) = Z there is u ∈ W with [x,u] = y2. Then as α
centralizes u, [y,u] = [x,u]α = y2α = x2y2, so Q satisfies the relations listed in (2). Hence it
remains to verify (a) and (b).
From the relations in (2), no element of W − 〈v〉 inverts a member of X −Z, so vX − vZ is
the set of involutions in Q−V . Further for j ∈X−Z, s = vj is an involution with |CQ(s)| = 16
as Q is special and CV (s) = Z. As vX = vZ is the set of involutions in Q− V , s centralizes an
element of order 4 in Q− V , so CQ(s) ∼=E4 × Z4, completing the proof of (a).
Assume the hypothesis of (b) and z ∈ Z is fused to s. Let CQ(s)  S ∈ Syl2(CG(s)). Then
S is conjugate to Q, so Φ(S) = Z(S) contains Φ(CQ(s)) = 〈w〉. Hence Z(S) = 〈s,w〉. But
s inverts X, so there is h ∈ X with h2 = w and sh = ws. Hence h ∈ NG(Z(S)) − CG(Z(S)),
contradicting S ∈ Syl2(G). This establishes (b). 
The final lemma in this section is not part of the proof of the Main Theorem; rather it is used
in the last section of the paper, as part of an outline of a proof that the papers of Gorenstein and
Harada, used to recognize the groups in the conclusion of the Main Theorem when n= 5, can be
replaced with more modern results which are easier to prove.
2.7. Assume S ∈ Syl2(G) is the split extension of A ∼= E16 by E4 acting freely on A. Then A =
J (S), S has a unique subgroup Q isomorphic to Q28, and either
(1) A is strongly closed in S with respect to G, or
(2) there is g ∈G with Ag NG(Q), such that setting X = 〈A,Ag〉, X/QO(X)∼= S3.
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in S. Let A1 be the unique B-invariant hyperplane of A, Q= BA1, and Z = Z(S). Then Q∼=Q28
and Q/Z = J (S/Z), so Q is the unique Q28-subgroup of S.
Assume (1) fails. Then by Corollary 4 in [Go], we may choose B and h ∈ G with B  Ah.
Let W = BZ. As A is weakly closed in S and B Ah, W acts on some CG(B)-conjugate of Ah,
which we may take to be Ah. Then either W  Ah, or B = CAh(Z) = [Ah,Z]. In either case,
Ah  NG(W). Then as Q  NG(W) is weakly closed in S, there is k ∈ NG(W) with Ahk 
NG(Q). Let g = hk, X = 〈Ag,A〉, and X∗ = X/QO(X). As |Ag ∩ W |  4 and |A ∩ W | = 2,
A =Ag , so A∗ and Ag∗ are distinct subgroups of X∗ or order 2. Then as A is weakly closed in S,
X∗ ∼=D2n, for some odd integer n > 1. As Out(Q) ∼= S3 wr Z2, it follows that n= 3. 
3. The alternating groups
In this section G∼=An+4 is an alternating group on Δ= {1, . . . , n+4} for some n 0. Recall
that a root subgroup of G is a 4-subgroup U of G such that the set M(U) of points of Δ moved
by U is of order 4. Let Ω be the set of root subgroups of G and pick U ∈Ω . Visibly:
3.1. The map W →M(W) is a G-equivariant bijection of Ω with the set of 4-subsets of Δ, U is
a TI-subgroup of G, and ΓU,1(G)=NG(U) is the global stabilizer of M(U) in G. If n > 1 then
NG(U)= 〈CG(u): u ∈U#〉.
For 0 i  4, let Ωi(U) consist of those V ∈Ω such that |M(U)∩M(V )| = i.
3.2. Let 0 i  4, V ∈Ωi(U), and X = 〈U,V 〉. Then
(1) X is isomorphic to E16, A7, S4, or A5 for i = 0,1,2,3, or 4, respectively.
(2) If i > 0 then U and V are conjugate in X.
Proof. If i = 0 then X =U ×V , so (1) holds and (2) is vacuously true. Thus we may take i > 0
and Δ = M(U) ∪ M(V ). If i = 3 then U and V are Sylow in G ∼= L2(4), and hence conjugate
in G. Further NG(U) is a Borel subgroup of G, and the unique maximal overgroup of U , so
X =G.
Assume i = 2. Then there is an element u ∈ U# acting on M(U) ∩M(V ), and hence also on
M(V ). Let 〈v〉 = CV (u) and W = 〈u,v〉. Then VW ∼= D8 ∼= UW , so U and V induce transvec-
tions on W and hence W X with X/W = GL(W). Hence X ∼= S4 and the Sylow groups UW
and VW are conjugate in X, so the unique root groups U and V in these Sylow groups are also
conjugate. Thus the lemma holds in this case.
Finally assume i = 1 and let {α} = M(U) ∩ M(V ). For v ∈ V #, M(U) ∩ M(Uv) =
M(U) − {α}, so A5 ∼= 〈U,Uv〉 = GM(V )−{α,αv} by our treatment of the case i = 3. Therefore
G = 〈Uv: v ∈ V 〉X, so X = G. Then as G is 5-transitive on Δ, V ∈ UG by 3.1, completing
the proof. 
3.3. NG(U) is transitive on Ωi(U) for each 0 i  4.
Proof. This follows from 3.1 and the fact GM(U) and GΔ−M(U) are the alternating groups on
Δ−M(U) and M(U), respectively. 
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Proof. If V ∈Ω2(U) then 1 = V ∩O2(〈U,V 〉) is nontrivial on U by 3.2(1). Conversely if v ∈ V
acts nontrivially on U then v moves exactly two points of U , so V ∈Ω2(U).
LetD =D(Ω) be the commuting graph on Ω defined in the introduction. Thus by 3.2, (U,V )
is an edge in D iff V ∈Ω0(U). 
3.5.
(1) Ω is locally conjugate in G.
(2) If n 5 then D is connected, GM(U) = 〈Ω0(U)〉 is transitive on Ω0(U), and G is primitive
on Ω .
Proof. Part (1) follows from 3.2(2). Assume n  5. It is easy to check that D is connected.
Further as n  5, H = 〈Ω0(U)〉 = GM(U) is faithfully represented as the alternating group on
Γ = Δ − M(U), so H is 4-homogeneous on Γ . Therefore H is transitive on Ω0(U) by 3.1.
Finally Ω0(U) =Ω0(V ) for V ∈Ω − {U}, so (2) follows from 2.4(1). 
3.6. Assume n 3 and X is a maximal overgroup of UGM(U) in G. Then either
(1) X =NG(U)=G(M(U)), or
(2) n= 4 and X is the stabilizer of the partition {M(U),Δ−M(U)} of Δ.
Proof. If n 5 then (1) holds by 3.5 and 2.4(2). Thus we may assume n = 3 or 4. Let x ∈ X −
NG(U). Then V =Ux =U , so V ∈Ωi(U) for i = 0, 1, 2, or 3, and hence by 3.2, 〈U,V 〉 ∼=E16,
A7, S4, or A5, respectively. If i = 1 then as X = G, n = 4 and X = 〈U,V 〉 is the stabilizer in G
of a point of Δ. However this is impossible as UGM(U) moves each point of Δ. If i = 2 there is
an element y in GM(U) of order 3 with V y ∈Ω3(V ), so replacing U,x by V,y, we may assume
i = 3. Pick a ∈ GM(U) of order 3 with M(V ) = M(V )a . Then 〈U,V aj : 0 j  2〉 is faithfully
represented as the alternating group on M(U)∪M(a), a contradiction as above.
Therefore i = 0. Hence n= 4 and M(U)x =M(V )=Δ−M(U). Therefore GM(U)GM(V )〈x〉
is contained in X, and of index 2 in the stabilizer P of the partition {M(U),M(V )} of Δ. As this
holds for each x ∈ X − NG(U), and as NG(U)  P , it follows from the maximality of X that
X = P , that is (2) holds. 
Recall a trunk subgroup of G is an E8-subgroup in which each involution moves the same set
of 8 letters of Δ.
3.7. Let R be trunk subgroup of G, Γ =M(R), and X =NG(R). Then
(1) If n = 4 or 5 then R = CG(R), X/R ∼= L3(2), and X = 〈CG(r),CG(t)〉 for any pair of
distinct involutions r, t ∈R.
(2) If n= 4 then X is maximal in G.
(3) If n= 5 then Gα is the unique maximal overgroup of X in G, where {α} =Δ− Γ .
(4) If n > 5 then for any pair of distinct involutions r, t ∈R, 〈CG(r),CG(t)〉 =G(Γ ).
(5) For n= 4 and 5 there are two G-classes of trunk subgroups fused in Aut(G).
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Aut(G) is transitive on the trunk subgroups of G. Next if n = 4 then G ∼= L4(2), and R is the
unipotent radical of the maximal parabolic X, with X/R ∼= L3(2) and R = CG(R). In particular
(1) holds in this case, as does (2). Also S fuses the two classes of maximal parabolics isomorphic
to X, so (5) holds in this case.
Similarly if n = 5 then X Gα , which acts faithfully as the alternating group on Γ , so (1)
and (5) also hold in this case. Further if X < M < G with M  Gα , then as X is 3-transitive
on Γ , M is 4-transitive on Δ, and hence M is transitive on Ω by 3.1. But then as X contains a
root group, G= 〈Ω〉M , contrary to the choice of M . Thus (3) is established.
Finally assume n > 5. Then there is an involution g ∈ G with |M(g)| = 4 moving two points
of Γ and centralizing r ∈R#. Then g induces a transposition on Γ , so Rg is in the second class of
trunk subgroups of H =GΔ−Γ . Then from (1), X = 〈CH(r),CH (t)〉 =Xg = 〈CH(r),CH (t)g〉,
and then
H = 〈X,Xg 〉 〈X,g〉K = 〈CG(r),CG(t)
〉
,
so G(Γ )=HGΓ 〈g〉K , establishing (4). 
4. Extensions of alternating groups
In this section we continue the hypothesis and notation of Section 3.
4.1. Let n 1, L a finite group with G L, T a 2-subgroup of L, H = ΓT,1(G), and Q= 〈T H 〉.
Assume m2(T ) > 1, G =H , and T ∈ Syl2(Q). Then one of the following holds:
(1) T is root group of G and H =NG(T ).
(2) n= 1, T GCL(G), the projection U of T on G is a root subgroup of G, and H NG(U).
(3) n= 2, T is conjugate under Aut(G) to a root group, and H =NG(T ).
(4) n= 4 or 5, T is a trunk group of G, and H =NG(T ).
Proof. As G =H , T acts faithfully on G.
Assume that n  2. Then by 3.6 in [A1], T1 = Ω1(T ) induces inner automorphisms on G,
so as T acts faithfully on G, T1 is dihedral of order 4 or 8. If T1 is dihedral of order 8, then the
projection of T1 on G contains a root group U and HU = 〈CG(u): u ∈U#〉 is a maximal subgroup
of G. But for t an involution in T whose projection is not in U , CG(t)  HU , a contradiction.
Thus T1 ∼= E4. Then from the structure of Aut(G), CAut(G)(AutT1(G)) has elementary abelian
Sylow 2-subgroups, so as T1 = Ω1(T ) we conclude CT (T1) = T1, and then even T = T1. In
particular (2) holds if n= 1, so we may assume n= 2.
Let U be the projection of T on G. Then U is conjugate under Aut(G) to a root group of G,
and HU contains a subgroup X of order 3 with U = [X,U ], so U = [T ,X] Q. Therefore as
T ∈ Syl2(Q) and T is faithful on G, we conclude that T =Q, H =NG(U), and (3) holds.
Therefore we may assume n > 2. Therefore Aut(G)= S is the symmetric group on Δ, so the
identity map on G extends to a homomorphism π of GT into S with kernel CGT (G). Observe
that if t ∈ T then CG(tπ) = CG(t)H and [tπ,H ] = [t,H ]Q. Let W be a 4-subgroup of T .
Suppose that Wπ = U is root group. Then (cf. 3.1) HU = 〈CG(u): u ∈ U#〉 = G(M(U))
and HU H . By 3.6 either HU is maximal in G or n = 4 and the stabilizer M of the partition
{M(U),Δ−M(U)} in G is the unique maximal overgroup of HU . As H =G, we conclude that
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of order 3 in HU with U = [U,X]. Thus U = [W,X]Q.
Let t ∈ T . If t acts on GM(U) and [t,GM(U)] = 1 then either GM(U) = [t,GM(U)] Q, or
n= 4, Δ−M(U) ⊆M(t), and [t,GM(U)] is the root group V with M(V )=Δ−M(U). Then as
T ∈ Syl2(Q), T ∩GM(U) contains a root group V , and NG(V )H , so we conclude n = 4. But
then UV contains an involution s with M(s) =Δ, and CG(s)M , a contradiction. Thus either t
centralizes GM(U) or n= 4 and M(Ut)=Δ−M(U). In the latter case we obtain a contradiction
as before. In the former as CG(r)  H for each r ∈ 〈t〉U , we conclude t ∈ U . That is U = T ,
and (1) holds.
Therefore we may assume T contains no 4-group whose projection is a root group. Suppose
next that Wπ is contained in a trunk group R. Let Γ = M(Wπ). By 3.7, NG(R)  H , and if
n > 5 then G(Γ )H . In any case R = [W,NG(R)]Q, so R  T .
Suppose G(Γ )  H . Then GΔ−Γ = [G(Γ ),R] Q, so as T ∈ Syl2(Q), T contains a root
group, contrary to the previous paragraph. Thus G(Γ )H , so n = 4 or 5 and by parts (2) and
(3) of 3.7, H = NG(R). Then as CG(t)H for each t ∈ T #, it follows that T = R, so that (4)
holds in this case. Thus we may assume T contains no 4-subgroup whose projection is contained
in a trunk group.
Now n > 2, the orbits of W are of length 1, 2 or 4, and Wπ is not contained in a trunk group,
so W acts faithfully on some proper subset Γ of Δ with |Γ |> 4. Let A=GΔ−Γ , B = ΓW,1(A),
and P = 〈WB〉. Then P Q, so by our reductions, P contains no root group or trunk group.
In particular as A = [A,W ], B = A. Conjugating in Q, we may take T ∩ P ∈ Syl2(P ). Now
by induction on n, and as P contains no root group or trunk group, |Γ | = 6 and W = T ∩ P is
not a root group. But n > 2, so G= ΓW,1(G), for our final contradiction. 
4.2. Let A be a quasisimple group with Z(A) = 〈z〉 ∼= Z2 and A/Z(A) =G. Assume L is a finite
group with A L and T is a 4-subgroup of L. Set B = ΓT,1(A) and Q= 〈T H 〉. Assume A = B .
Then z ∈Q.
Proof. If n  3 then as A = B , T  ACL(A) by 3.5 in [A1]. If n  4 then Aut(A) ∼= Sn+4.
So in any event there is a representation π :AT → Sym(Δ) with ker(π) = CAT (A). Choose a
subset Γ of Δ of order 4 on which T acts faithfully and let H = AΔ−Γ . Then H ∼= SL2(3)
(cf. 33.15 in [FGT]). Let X = (HT )Γ . Then X is a 2-group with [H,X]  H ∩ X = 〈z〉, so
H = O2(H) CL(X). Let Y = O2(H). Some s ∈ T acts without fixed points on Γ , so s = xy
for some elements x ∈X and y ∈ Y of order 4. Notice y ∈ CA(s) B . As T and YΓ are abelian,
[y,T ] YΓ = 〈z〉.
Let t ∈ T −〈z〉. Either t acts as a transposition on Γ or t has no fixed points on Γ and t = x1y1
with x1 ∈X and Y = 〈y, y1〉. In either case t inverts y, so z = [t, y] ∈Q. 
4.3. Let A be a quasisimple group with A/Z(A) ∼= Am. Assume L is a finite group with A L,
Q is a tightly embedded subgroup of L, T ∈ Syl2(Q), m2(T ) > 1, and A ΓT,1(A). Then Z(A)
is of odd order and one of the following holds:
(1) T is root group of A and NA(T )=NA(Q).
(2) m = 5, T  ACL(A), the projection U of T on A is a root subgroup of A, and NA(Q) 
NA(U).
(3) m= 6, T is conjugate under Aut(A) to a root group of A, and NA(Q)=NA(T ).
(4) m= 8 or 9, T is a trunk group of A, and NA(Q) =NA(T ).
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O(A) = 1. Thus |Z(A)|  2 (cf. 33.15 in [FGT]). Hence by 4.2, Z(A) = 1, so we may take
A=G and m= n+ 4. Now the result follows from 4.1. 
5. Main Theorem: J2 and M12
In the remainder of the paper we assume that G is a finite group with O(G) = 1, A is a stan-
dard subgroup of G, H = NG(A) = G, A/Z(A) ∼= An, and m2(CG(A)) > 1. Let K = CG(A)
and R ∈ Syl2(K).
5.1.
(1) There exists g ∈G−H such that H contains a Sylow 2-subgroup T of Kg .
(2) NKg(A) is tightly embedded in H and A = ΓT,1(A).
(3) Z(A) is of odd order.
Proof. By 2.2, there exists g ∈ G−H such that |Kg ∩H | is even. By 4.3, A satisfies Hypoth-
esis II. Then (1) follows from 2.3. By 2.3, Φ(R) = 1. Then (2) follows from 2.2. Finally (2)
and 4.3 imply (3). 
From now on g and T are chosen as in 5.1. By 2.3 we may assume [T ,R] = 1. Set V = T R,
L=Ag , and Ω =RG.
5.2. T is not a trunk subgroup of A.
Proof. Assume T is a trunk subgroup of A. By 5.1(2) and 4.3, n = 8 or 9, so CA(T ) = T and
there is a ∈A and t ∈ T # such that ta ∈NA(T )−T . This is contrary to 2.3, which says that since
|T |> 4, NT a (T ) centralizes T . 
5.3. R is a 4-group, and either:
(1) T is conjugate in Aut(A) to a root subgroup of A and T Hg , or
(2) n= 5, T AK , and the projection of T on A is a root subgroup U of A.
Proof. By 5.1(2) and 4.3, either T is a 4-group or T is a trunk subgroup of A, and the former
holds by 5.2. Indeed by 4.3, either (2) holds or T is conjugate in Aut(A) to a root subgroup of A,
and we may assume the latter.
Suppose K∞ = 1. Then Kg = O(Kg)NKg(T ), so as O(Kg) = ΓR,1(O(Kg))  Hg ∩ H =
NH(T ), T H
g
, and hence (1) holds in this case. Thus we may assume K∞ = 1.
As T A, K  CG(T )Hg . Hence by symmetry between K and Kg , either n = 5 or R is
a root group of L. Further in the first case, as K centralizes T ∈ Syl2(Kg), K∞ = L, impossible
as [A,Ag] = 1.
Therefore R  L, so K∞ = 〈RK 〉  L. If n = 1 or 2 then NL(R) is maximal in L, so
NL(R) = H ∩ L. If n > 2 then R  O2(H ∩ L) by 3.6. Thus in any case K∞ = 〈RK 〉 
O2(H ∩L), a contradiction. 
5.4. Assume T A and let Δ= V ∩Ω and M =NG(V ). Then
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(2) {V ∩A,P #: P ∈Δ} = {V ∩A,R#x : x ∈M} is a partition of V .
(3) MΔ =A4 or S4.
Proof. Let Y and Y1 be subgroups of order 3 in NA(V ) and NL(V ), respectively, and set X =
〈Y,Y1〉. Applying 3.1 in [A1] to the action of X on V , we conclude that either X acts on T and R,
or V ∩A= [V,Y ] = [V,Y1] = V ∩L. In the former case, T = [V,Y ] = V ∩A, a contradiction.
Thus the latter holds, so by another application of 3.1 in [A1],




is a partition of V . Thus (2) holds unless V ∩ A ∈ Δ, so that V ∩ A = Rw for some w ∈ G.
But that is impossible as |NM(V ∩A)|2 = 4|NM(R)|2 and NM(R) contains a Sylow 2-subgroup
of NG(R). So (2) is established, and (2) implies (3). 
Theorem 5.5. Assume T A. Then n= 5 and G is isomorphic to J2, Aut(J2), or Aut(M12).
For the remainder of this section, assume T  A. Set Δ = Ω ∩ V and M = NG(V ). By 5.3,
n = 5, while by 5.4, MΔ = A4 or S4 and D ∩ A = 1 for each D ∈ Δ. Let Q be a Sylow 2-
subgroup of the preimage of O2(MΔ) in M . Set Z =A∩ V and let Q S ∈ Syl2(G).
5.6.
(1) If d ∈ S induces an outer automorphism on A then [R,d] = 1 and V 〈d〉 is the wreath product
of E4 by Z2.
(2) V is the unique abelian subgroup of order 16 in a Sylow 2-subgroup of H .
(3) V ∈ Syl2(MΔ), so QΔ = V and |Q| = 64.
Proof. Assume the hypothesis of (1). Then d acts on S ∩ KA = V . Suppose d centralizes R.
Then d centralizes the hyperplane U = RCZ(d) of V , and U ∩ D = 1 for each D ∈ Δ. Thus
d ∈MΔ. Then M ∩A= [M ∩A,d]MΔ, a contradiction.
Thus (1) holds, and we showed d /∈MΔ, so (3) follows. Notice (1) implies (2). 
5.7.
(1) QM .
(2) y ∈ NA(Z) of order 3 induces an automorphism of order 3 on Q with Z = [V,y], so
Z = Z(Q).
Proof. Let Y ∈ Syl3(NA(Z)). From 5.6(3), MΔ  KNA(Z), so [MΔ,Y ]  Z. Thus [Q,Y ]
centralizes MΔ/Z, so as QΔ = [QΔ,YΔ], it follows that Q = CQ(MΔ/Z)V , so (1) holds as
QΔ MΔ. By (1), y acts on Q and of course Z = [V,y]. As Y is irreducible on Z, Z  Z(Q).
As QΔ is regular on Δ, Z(Q) Z, so the proof is complete. 
5.8. Z is strongly closed in V with respect to G.
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into R under M , and for r ∈R#, |CG(r)|2  |H |2  32. 
5.9.
(1) F ∗(G)= 〈AG〉 is simple.
(2) Z is not strongly closed in S with respect to F ∗(G).
Proof. Let X = 〈AG〉. Then X = F ∗(G) is simple by 2.1. Hence if Z is strongly closed in S
with respect to X, then X is a Goldschmidt group, so X is a Bender group and R  X by 2.5.
But as X is a Bender group, NX(R) is solvable, a contradiction. 
5.10. Either G∼= Aut(M12) or Q is isomorphic to a Sylow 2-subgroup of L3(4).
Proof. Assume Q is not isomorphic to a Sylow 2-subgroup of L3(4). By 5.6(3) and 5.7(2), the
hypothesis of 2.6 are satisfied with α the automorphism induced on Q by an element a of order 3
in NA(Z). Hence case (2) of 2.6 is satisfied, and we adopt the notation of that lemma. In particular
R = CQ(α) = 〈u,v〉, where v inverts X = [Q,α]. By 2.6, V is the unique E16-subgroup of Q,
so V is weakly closed in Q. Let S1 =NS(Q). Then S1 =NS(V )=QNS(R), so appealing to 5.6,
S1 =Q or Q〈d〉, where d is an involution acting on R with S1/Z ∼= V 〈d〉 ∼=E4 wr Z2. Therefore
V is the only E16-subgroup of S1, so S = S1.
By 2.6(2)(b), 5.8, and 5.9(2), S = Q. Let s be an involution in Q − V . By 2.6(2)(a) and
5.6(2), s is not fused into R in G. By 2.6(2)(a), all involutions in Q − V are in vX − vZ, and
as v inverts X, vX consists of involutions, so Y = 〈v〉X is characteristic in Q and d centralizes
v = R# ∩ Y . Now S/X is dihedral of order 8, so all involutions in S − Q lie in dY . Hence
P = 〈du〉X is of index 2 in S, and all involutions in P are in Q.
Suppose u ∈ vG. As V is weakly closed in S, u is fused to v in M . But Q M by 5.7(1),
contradicting Y characteristic in Q. Thus u /∈ vG, so by the previous paragraph, uG ∩ P = ∅.
Therefore by Thompson transfer, u /∈ [G,G]. Notice Y  [M,M] [G,G]. Let I = 〈AG〉 and
W = I ∩ S. By 5.9(1), I = F ∗(G) is simple. As a ∈A, X = [X,a] I O2(G).
Suppose W  P . Now P/X is cyclic and vG ∩ X = ∅ by 5.8, so vG ∩ P ⊆ vX. There-
fore by a standard transfer argument (cf. 37.4 in [FGT]), v /∈ O2(G), so X ∈ Syl2(I ), contrary
to 5.9(2). Thus W  P , so we may choose d ∈W , and then v = [u,d] ∈W , so W = Y 〈d〉. Now
[v, d] = 1 and, relabeling the generators of X if necessary, xd = y, so W is determined up to iso-
morphism independent of the choice of the group G satisfying the hypothesis of this lemma. As
Aut(M12) satisfies those hypothesis, it follows that W is isomorphic to a Sylow 2-group of M12.
Now as I has at least two classes of involutions, it follows from [GH1] that I ∼= M12, so that
G= Aut(M12).
In Section 8, we will sketch a proof that G ∼= Aut(M12) which does not depend upon [GH1],
but on a more modern characterization of M12 which is easier to prove. 
In the remainder of the section we assume that Q is isomorphic to a Sylow 2-subgroup
of L3(4). Then Q has two maximal elementary abelian subgroups V and U , and U ∼= E16 with
V ∩U = Z. Let a be of order 3 in NA(Z); then U = [Q,a] and CU(a)= 1.
5.11. VG ∩ S = {U,V }.
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iff U ∈ V S . By 5.6(1), NS(R)= V or V 〈d〉, where d is an involution inducing an outer automor-
phism on A and R. Thus NS(V )=QNS(R) =Q or Q〈d〉, so in particular |CB(Z) :Q| 2.
Suppose x ∈ G with W = V x  B , and let P = Rx . As P is a TI-subgroup of G acting on
Z and |P | = |Z|, P  CB(Z). Thus as |CB(Z) : Q| 2, P ∩ Q = 1. Then as U and V are the
maximal elementary subgroups of Q, P ∩V or P ∩U is nontrivial; then by 5.6(2), W = V or U ,
respectively. Therefore VG ∩ S = {V } or {U,V }, so we may assume V is weakly closed in S
with respect to G, and it remains to derive a contradiction.
As V is weakly closed, S = B = NS(V ) = Q or Q〈d〉. Let E be the set of subgroups E of S
fused into V under G with E ∩ V = 1. Let
r = max{m2(E): E ∈ E
}
and s = min{m2
([V, e]): e ∈E# and E ∈ E}.
Notice m2([V, e]) = 2 for each involution e ∈ S − V so s = 2 if E = ∅.
By 5.9(2), Z is not strongly closed in S, so V is not strongly closed in S. Therefore by Corol-
lary 4 in [Go], r  s = 2. Hence as |S :Q| 2, V is not strongly closed in Q. If vG ∩U = ∅ for
some v ∈ R#, then U ∈ VG by 5.6(2), contrary to assumption. Therefore as M is transitive on
U −Z and Z#, U# is fused in G.
Arguing as in 5.9(2), U is not strongly closed in S. Arguing as in the previous two paragraphs
on U in place of V , there is a 4-group E  S with E ∩ U = 1 and E fused into U in G. Then
E ∩ Q = 1, so as E ∩ U = 1, E ∩ V contains an involution e fused into R, contradicting U#
fused in G and Z strongly closed in V . 
5.12. R = [R,b] for some b ∈ aG, so R  F ∗(G).
Proof. Recall a of order 3 in NA(R) acts on U with CU(a) = 1. By 5.12, V = Ug for some
g ∈G, so b = ag acts on V with CV (b)= 1. Then b permutes Δ of order 4, so b fixes some mem-
ber of Δ, and conjugating in M we may assume b ∈ NG(R). Finally a ∈ A F ∗(G) by 5.9(1),
so b = ag ∈ F ∗(G), and then also R = [R,b] F ∗(G). 
5.13. Let W = S ∩ F ∗(G). Then Z is strongly closed in Q with respect to G, and W = Q〈t〉,
where t is fused into Z in F ∗(G) and V t =U .
Proof. Let X = F ∗(G). By 5.11, VG ∩ S = {V,U}, so Q = VU is weakly closed in S and
U and V are normal in Q. Thus U ∈ V NG(Q), and |NG(Q) : NG(V )| = 2, so U ∈ V S and
|S :NS(V )| = 2. As R X, V = 〈RM 〉X, so Q= 〈V S〉W .
Next U and V are the maximal elementary subgroups of Q and Z is strongly closed in V
by 5.8, so Z is strongly closed in Q. But by 5.9(2), Z is not strongly closed in W with respect
to X, so involutions in Z are fused into W −Q in X, and in particular Q =W .
By 5.6, NS(R) = V or V 〈d〉, where d is an involution inducing an outer automorphism on R
and A. Further NS(V )=QNS(V ), so NS(V )=Q or Q〈d〉.
Suppose Q = NW(V ). Then |W : Q| = 2 and as Z is not strongly closed in W with respect
to X, there is t ∈W −Q fused into Z under X. As Q=NW(V ), V t =U , so the lemma holds in
this case.
Thus we may assume Q =NW(V ), so we may choose d ∈W . As Q centralizes Z but d does
not, |S : CS(Z)| = 2 and there is c ∈ CS(Z) with V c =U . Then S =Q〈c, d〉, and c2 ∈Q.
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follows from Exercise 2.8 in [SG] that Q is transitive on the involutions in tQ/Z, and if t /∈ cQ,
then Q is transitive on the involutions in tQ and CS(t)Z/Z = CS/Z(t). Further if t ∈ cQ and
x ∈ [Q, t] − Z, tQ ∩ txZ = ∅, so t inverts an element of xZ. Then as [t,Z] = 1, t inverts each
element in xZ. Therefore CQ(t)= Z and [Q, t] is transitive on tZ. Therefore in any event:
(∗) If t is an involution in S −Q then all involutions in tQ are conjugate under Q.
Let 〈r〉 = CR(d). As CS/Z(d) = CS(d)Z/Z, we may choose d to centralize c and CS(d) =
〈d〉 × 〈r, c〉 with 〈r, c〉Z/Z ∼= D8 ∼= 〈r, rt 〉, so 〈r, c〉 ∼= D16 or SD16. As H contains no such
subgroup, d /∈ rG.
Suppose y ∈ G with dy = z ∈ Z(S). Then we choose y so that CS(d)y  S. Let Z0 = 〈d, z〉.
As S4  Z and z = (rc)4, it follows that Zy0 = Z. Next dr ∈ dR , so rZ0  rG, and hence
sZ  sG, so s = ry /∈Q. But now by (∗), sZ ⊆ sG, a contradiction.
We have shown that dG ∩ Q = ∅. Suppose d ∈ O2(G). Then by Thompson transfer,
dG ∩ eQ = ∅ for e ∈ {c, d, cd}. Hence by (∗), all involutions in S − Q are in dG. This is
a contradiction, as we showed that zG ∩ S  Q and d /∈ zG. This completes the proof of the
lemma. 
5.14. Assume G= F ∗(G). Then
(1) Z is strongly closed in Q with respect to G, S =Q〈t〉 where t is fused into Z in G, V t =U ,
[Z, t] = 1, and all involutions in tQ are tQ.
(2) G∼= J2.
Proof. By 5.13, Z is strongly closed in Q, and S = Q〈t〉, where t is an involution fused into Z
with V t =U . From (∗) in the proof of 5.13, Q is transitive on the involutions in tQ.
Suppose [Z, t] = 1. Then Z = Z(S). Further from the proof of (∗) in 5.13, CQ(t) = Z, so
CS(t)=E ∼=E8 and [E,NQ(E)] = Z. Let y ∈G with ty ∈ Z; we may assume Ey  S. Then as
Z is strongly closed in Q, Ey ∩Q = Z. But as [NQ(E),E] = Z, there is x ∈ NQ(Zy−1) acting
nontrivially on Zy−1 , contradicting Z = Z(S) and S ∈ Syl2(G). This completes the proof of (1).
Let R = 〈r1, r2〉, 〈z〉 = CZ(t), and si = rti . Then [ri , si] is an involution in Z centralized
by t , so [ri , si] = z. Set [r2, s1] = z2. Then [r1, s2] = [r2, s1]t = zt2 = zz2. Further V = RZ and
U = RtZ are abelian, so S is determined up to isomorphism, independent of the choice of G
satisfying our hypothesis. Therefore as J2 satisfies the hypothesis, S is isomorphic to a Sylow
2-subgroup of J2. Then as G has at least two classes of involutions, Theorem A in [GH2] says
the G∼= J2.
In Section 8 we sketch a proof that G∼= J2 using a modern characterization of J2, rather than
the appeal to [GH2]. 
We are now in a position to complete the proof of Theorem 5.5. Namely if G = F ∗(G),
then the theorem follows from 5.14. On the other hand, X = F ∗(G) satisfies the hypothesis
of Theorem 5.4 by 5.9(1) and 5.12. Thus if X = G, then by induction on |G|, X ∼= J2, so
G∼= Aut(J2).
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In this section we continue the hypothesis and notation established on the initial page of
Section 5. In addition, given Theorem 5.5, we assume T A. Hence by 5.3, (choosing a suitable
representation for A when n= 6) we may assume T is a root subgroup of A in the faithful action
of A on a set Δ of order n. Let V  S ∈ Syl2(G) and r ∈R#.
6.1.
(1) R H .
(2) H ∩Ω = {R} ∪ T A.
Proof. As T A, (1) follows from 5.3. Let x ∈G with R =Rx H . Then by 5.4, Rx A, and
hence by 5.3, Rx is conjugate under Aut(A) to a root group of A. Unless n = 6, T A = T Aut(A),
so that (2) holds. Thus we may assume n = 6, and T Rx ∈ Syl2(A). But then 1 = T ∩ Rx , so
Hg =Hx , and hence Rx = T by (1), a contradiction. 
6.2. There is an A4-subgroup of K , so R# = rK .
Proof. This follows as R  Y  L with Y ∼=A4, Out(A) is a 2-group, and a Sylow 3-group of A
is of exponent 3 if Z(A) = 1 (cf. 33.15 in [FGT]). 
6.3. Either
(1) G∼=An+4, or
(2) G is simple.
Proof. Let X = 〈AG〉. By 2.1, X = F ∗(G) and X is simple. As T AX and R ∈ T G, R X.
Thus X satisfies our hypothesis in the role of G, so if X =G then by induction on the order of G,
X ∼= An+4. Then as X = F ∗(G) = G, G = Aut(X) ∼= Sn+4. But by 4.3, R is a root group in X,
and then as G∼= Sn+4, R /∈ Syl2(CG(A)), a contradiction. 
Because of 6.3, we may assume for the remainder of the proof that G is simple.
6.4. rG ∩ V =R# ∪ T #.
Proof. By 6.1(2), V ∩ Ω = {R,T }. Suppose rx ∈ V − R. Then R  CG(rx)  Hx , so Rx 
CG(R)H . Thus Rx A by 6.1, so rx ∈A∩ V = T . 
6.5. The representation of A on Δ extends to a representation of H with HΔ =K .
Proof. If n = 6 then Aut(A) = Sym(Δ), so the lemma holds. Similarly if n = 6, then H =
ANH(T ) by 6.1(2), so H/K ∼=A6 or S6, and again the lemma holds. 
6.6. If n 7 then V is the weak closure of R in S with respect to G.
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Rx NS(V ) and P  V . As P is a TI-subgroup of G, P ∩ V = 1 by 6.4, and hence CV (P ) =
CV (u) for each u ∈ P #. But as V ∩Ω = {R,T }, NP (R) = 1, so 1 = CR(NP (R)) CR(P ), so
P  CG(R). However as n 7, T is weakly closed in NA(T ) with respect to A, so P ∈ {R,T }
by 6.1. 
6.7. If n= 5 then G∼=A9.
Proof. Assume n = 5. By 6.4 and 6.6, S ∩ Ω = {R,T }, so V is weakly closed in S and S =
NS(R)〈a〉, where Ra = T . As in the proof of 5.9, V is not strongly closed in S. Hence as S is
Sylow in the simple group G, S/V is noncyclic by Corollary 4 in [Go]. Therefore V = NS(R)
and a2 ∈ V . As Aut(A) ∼= S5, NS(R) = V 〈u〉 where u induces an outer automorphism on A and
u2 ∈R. Then as a acts on NS(R) with Ra = T and [T ,u] = 1, also [R,u] = 1. Therefore we may
pick u to be an involution, and V is transitive on the involutions in uV , so we may pick a ∈ CS(u)
by a Frattini argument. As Ra = T , [CV (u), a] = 1, so as a2 ∈ CV (u), CV (u)〈a〉 ∼= D8, so we
may pick a to be an involution. Then S is the split extension of V by the 4-group 〈u,a〉 acting
freely on V , so S ∼= Z2 wr E4.
Next V = J (S) and by 6.4, |rG∩V | = 6. On the other hand, in PSp4(q), q ≡ ±3 mod 8, with
Sylow group S, J (S) contains 5 2-central involutions and 10 non-2-central involutions. This is
easily checked, as the preimage of V in Sp4(q) is D8Q8, with non-2-central involutions lifting
to elements of order 4. Therefore G does not have the involution fusion pattern of PSp4(q), so
by Theorem A∗ in [GH3], G is isomorphic to A8 or A9. Then G∼=A9 by 4.3.
In Section 8, we sketch a proof of an identification of A9 using a more modern recognition
theorem than that in [GH3]. 
6.8. If n > 5 then there exists u ∈ rL ∩H centralizing T with [R,u] = 1. Moreover each such u
induces a transposition on Δ, so HΔ ∼= Sn.
Proof. Assume n > 5. Then there exists u ∈ rL ∩ H with [R,u] = 1. Further by 6.2, there
is an A4-subgroup Y of Kg . As [R,u] = 1 = [T ,u], u induces an outer automorphism on A
centralizing T . Write M(X) for the set of points of Δ moved by X H and let m be the number
of cycles of u on Δ. As A4  Y H with T =O2(Y ), YM(T ) is the alternating group on M(T ).
Therefore as u centralizes Y , M(u) ∩ M(T ) = ∅. As u induces an outer automorphism on A,
m is odd. If n  9 this forces m = 1, so we may assume n > 9. Then B = E(CL(R)) ∼= An−4,
and if n = 10 then CB(u) ∼= S4 with O2(CB(u)) ∈ Ω . As R  H by 6.1(1), K is solvable, so
B = E(CHg(R)) = E(CH (T )) = E(CA(T )). Then as u induces a transposition on B in L, and
O2(CB(u)) ∈Ω when n= 10, it follows again (using 6.1(2) when n= 10) that m= 1. 
7. Main Theorem: The case n > 5
In this section we complete the proof of the Main Theorem. We continue the hypothesis and
notation on Sections 5 and 6. In addition, appealing to 6.3, we assume without loss of generality
that G is simple.
For P ∈Ω , let Ω0(P ) consist of those Q ∈Ω −{P } centralizing P , and let D =D(Ω) be the
commuting graph on Ω , with edges (P,Q) for Q ∈ Ω0(P ). Observe that by 6.1, Ω0(R) = T A
is the set of root groups of A. Set Ω0(R,T )=Ω0(R)∩Ω0(T ).
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Proof. Let X = 〈RA,RxAx〉 and Γ the connected component of D containing R. Assume X =
G. Now O(X) = ΓR,1(O(X))  H , so [RA,O(X)]  O(X) ∩ RA = Z(A), and hence O(X)
centralizes RA so that O(X)  Z(X). Further X/O(X) satisfies the hypothesis of the Main
Theorem, so by induction on the order of G, X/O(X) ∼= An+4. Then as X = O2′(X), X is
quasisimple, so as the multiplier of An+4 is a 2-group (cf. 33.15 in [FGT]), X ∼= An+4. As
Ω0(R) ⊆ A  X and X ∩ Ω = RX , we conclude that Γ ⊆ RX . Then Γ = RX by 3.5. Thus
H =NG(R) acts on 〈Γ 〉 =X.
Suppose u induces an outer automorphism on X. We may choose u to be a transposition
centralizing A, contradicting R ∈ Syl2(K). Thus M = NG(X) = XCG(X), and again as R ∈
Syl2(K), CG(X)=O(M). Hence rG ∩M = rX .
Represent G on θ = G/M by right multiplication. As CG(r) M and rG ∩ M = rM , M is
the unique fixed point of r on θ . Hence S M , so S O2′(M)=X, and rG ∩ S = rX ∩ S.
Let y ∈ G with u = rry an involution, and suppose u does not fix a unique point of θ . Let
J = CG(u). Then u /∈ rG, so u has four cycles in the action of X on a set Λ of n+ 4 letters. Let
Y0 be the subgroup of Sym(Λ) generated by the cycles of u, and Y = Y0 ∩X. Then Y −〈u〉 ⊆ rX
and we may take Su = CS(u) ∈ Syl2(CX(u)). As r fixes a unique point of θ , Su ∈ Syl2(J ). Now
Y  CX(u) and as rG ∩ S = rX ∩ S, Y is strongly closed in Su with respect to J . As NJ∩X(y)
is transitive on Y − 〈u〉, as |Y | = 8, and as u ∈ Z(J ), we conclude from Goldschmidt’s Fusion
Theorem in [Go] that J =O(J )NJ (Y )M .
Let w ∈ G with uw ∈ M . Then w centralizes a member of Γ , which we may take to be R.
Hence R  Jw Mw , so as M is the unique point of θ fixed by R, w ∈M . Hence uG∩M = uM ,
so u fixes a unique point of θ . Therefore by Theorem 3.3 in [A1], and as G is simple, G is a
Bender group. But then NG(X) is solvable, a contradiction. 
For X ⊆H , write M2(X) for the set of points of Δ moved by X.
7.2.
(1) O(H)= 1.
(2) Kg =AΔ−M2(T ).
Proof. Let I = O(H), OR = O(NA(T )), and OT = O(NL(R)). When n = 7 let u be an in-
volution fused into T in A, and acting nontrivially on T . Observe that OR = 1 unless n = 7,
where OR = [OR,u] is of order 3. Now IOR  CG(T )  Hg , so IOR  Y = O(CHg(R)) =
O(Hg)OT . Thus either I = O(Hg) = Y or n = 7 and Y = IOR . Further in the latter case,
I = CY (u) and OR = [Y,u]. Also by 6.8, u induces a transposition on L centralizing R, so u
inverts OT . Thus OT = [Y,u] =OR , so O(Hg)= CY (u)=O(H).
Thus in any event O(H) = O(Hg). Then I  〈H,Hg〉 = G by 7.1, so I = 1 as G is simple.
This proves (1).
Let B = AΔ−M2(T ). If n > 7 then by (1) and 6.1, Kg = O2(CG(Ω0(R,T ) ∪R)) = B , so (2)
holds. Similarly if n= 5 or 6 then Kg =O2(CG(R)∩NG(T ))= B . Finally if n= 7, then Kg =
O2(NG(T ) ∩ CG(R〈v〉)) = B , where v is an involution fused into R in L acting nontrivially
on R. Thus (2) holds. 
In the remainder of the section we assume n > 5.
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Proof. This follows from 7.2(1), 6.2, and 6.8. 
7.4.
(1) There is an involution u ∈H inducing a transposition on Δ centralizing r .
(2) For each such u, K = [K,u], u = rx for some x ∈ G, r induces a transposition on Ax , and
O2(CA(u)) =O2(CAx (r)) ∼=An−2.
(3) A(R,u) = 〈K,Kx〉 is faithfully represented as the alternating group on a set Δ(R,u) in
which K is the pointwise stabilizer in A(R,u) of two points of Δ(R,u). Further we may
choose x ∈A(R,u).
(4) NG(A(R,u)) = (A(R,u) × O2(CA(u)))〈v〉, where v ∈ rG induces a transposition on
Δ(R,u) and on Δ fixing M2(u), and hence a transposition on A(R,u) and O2(CA(u)).
Proof. By 7.3 there is an involution u in H inducing a transposition on Δ, H is transitive on
such involutions, and for each such u, K = [K,u]. Thus (1) holds, and we may choose u to




)= 〈Kgy : M2(T y)∩M2(u)= ∅
〉
,
and for each such y, Kgy Ax . It follows that O2(CA(u)) =O2(CAx (r)), completing the proof
of (2).
Without loss T centralizes u. Let Δ′ be a set of n points on which Hg acts with kernel Kg .
Then B =A(R,u) L, and writing Γ for the set of points of Δ′ moved by 〈R,Rx〉 and appeal-
ing to 7.2(1) and 3.2, we conclude that Γ is of order 6 and B = LΔ′−Γ ∼= A6. Thus (3) holds
with Γ = Δ(R,u). By (2), D = O2(CA(u)) centralizes B , so as CG(B)  CH(K〈u〉), it fol-
lows that D = O2(CG(B)). Next there is v ∈ uH centralizing r with M2(u) ∩M2(v) = ∅. Then
v centralizes u, so v acts on B and induces a transposition on D. Indeed we may choose v to
act nontrivially on T , so v induces a transposition on Δ′, and then as K = [K,v], v induces a
transposition on Γ . As R〈u,v〉D =NG(R〈u〉), it follows that (4) holds. 
Now take Δ = {5,6, . . . , n + 4} and pick u as in 7.4(1) with M2(u) = {5,6}. Let B =
A(R,u), D = O2(CG(u)), and Γ = Δ(R,u). We choose Γ = {1, . . . ,6}, r = (1,2)(3,4), and
u= (1,2)(5,6). Let Σ = {1, . . . , n+4}, and regard Δ and Γ as subsets of Σ . For 1 i  n+2,
define yi ∈ Sym(Σ) by yi = (1,2)(i + 1, i + 2). Thus y1 = (1,3,2) is of order 3, while yi is an
involution for i > 1. For 1  i  4, we regard yi as an element of B . Thus for example y2 = r
and y4 = u, and as K  B , K = 〈y1, y2〉. Further we choose the involution v in 7.4(4) so that
v = (1,2) on Γ and v = (n+3, n+4) on Δ. Now for i  6 there is di ∈D such that ydi6 has cycle
(i+1, i+2) on Δ, and we regard yi as ydi6 , so that yi ∈ y6D. In short for i = 5, yi ∈ BD〈v〉G.
Next there is a ∈ A such that ua = (6,7) on Δ. Then v = rk for some k ∈ G, v centralizes
r, y3, u,ua , and v acts nontrivially on R. Further ry3, y3u, and uua are of order 3, and hence all
are conjugate in Hk . As v is nontrivial on R, r induces a transposition on Ak , so all induce such
transpositions and are conjugate under Ak . Thus |y3ua| = 2 or 3, and as |uua | = 3, if |y3ua| = 3,
then y3 centralizes uau. Thus replacing ua by uau and interchanging the roles of 5 and 6 in Γ if
necessary, we may assume ua centralizes y3. Now we take y5 = ua , so that y5 ∈ H G. Thus
yi ∈G for all 1 i  n+ 2. Moreover by construction:
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(1) y31 = y2i = 1 for 1 < i  n+ 2.
(2) |yiyi+1| = 3 for 1 i < n+ 2.
(3) |yiyj | = 2 for 1 i and i + 1 < j .
Proof. We observed above that (1) holds. For i, j = 5, yi ∈ BD〈u〉, which acts as the global
stabilizer of Γ in the alternating group A′ on Σ . In particular from the choice of yi and yj ,
(2) and (3) hold for i, j = 5.
Next for i = 5 and j > 6, yi, yj ∈H , which acts as the global stabilizer of Δ in Σ , and again
by construction of yi and yj , (2) and (3) hold. By construction, |y3y5| = 2 and |y4y5| = 3, so (2)
holds when i = 4, and (3) holds for (i, j) = (3,5). Also y5 = ua inverts y1 and centralizes y2 as
u satisfies those relations and a centralizes K = 〈y1, y2〉. Thus (3) holds when j = 5, completing
the proof. 
7.6. If n > 5 then G∼=An+4.
Proof. Let X = 〈yi : 1 i  n + 2〉. We first claim that X = G. Namely X′ = 〈u〉A acts as the
symmetric group on Δ, with yi acting as (i + 1, i + 2) for 4 i  n+ 2. Thus X′ = 〈yi : 4 i 
n+ 2〉X. Also K = 〈y1, y2〉X and Ry3 =R, so the claim follows from 7.1.
Next from Theorem 267 in [D], the relations in 7.5 on generators {yi : 1 i  n+ 2}, define
a presentation for An+4. We conclude from that Theorem and 7.5 that G∼=An+4. 
We are now in a position to complete the proof of the Main Theorem. By 5.5, if T  A then
n= 5 and the theorem holds, so we may assume T A. Then by 6.7, the theorem holds if n= 5,
so we may assume n > 5. Now 7.6 completes the proof of the Main Theorem.
8. An alternate approach when n= 5
In this section we sketch an alternate approach to the identification of the groups G appearing
in the Main Theorem for n = 5, which does not appeal to the characterizations of F ∗(G) by
Gorenstein and Harada, in terms of their Sylow 2-groups. It is perhaps of interest in a second
generation proof of the Classification of the finite simple groups to obtain such simpler charac-
terizations, but since the precise nature of the results required is not yet clear, we only supply a
sketch of a proof. Details can be filled in later in those cases where the theorem is really needed.
Thus in this section we assume the hypothesis and notation established on the initial page
of Section 5, and in addition assume n = 5. We also give ourselves the results we established
without an appeal to the Gorenstein–Harada characterizations.
Set G0 = 〈AG〉, so that G0 = F ∗(G) is simple by 2.1, and, arguing as in the proof of 6.3,
G0 = G if T  A. Indeed if S0 = S ∩ G0 is of type J2 (i.e. isomorphic to a Sylow 2-subgroup
of J2), then proceeding by induction on |G| and replacing G by G0, we may assume G is simple.
Therefore from Sections 5 and 6, one of the following holds:
(1) n= 5, T A, |S : S0| = |G :G0| = 2, and S0 is of type M12.
(2) n= 5, T A, and S is of type J2.
(3) n= 5, T A, and S is of type A9.
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CG(z) and G∗z =Gz/O(Gz)〈z〉. In cases (1) and (2), define Q and Z = Z(Q) as in Section 5.
Let Gˆ be the target group for F ∗(G); that is Gˆ is the generalized Fitting subgroup of the group
appearing in the conclusion of the Main Theorem satisfying the condition appearing in one of our
three cases above. We can regard S0 as a Sylow 2-subgroup of Gˆ, and we set Gˆz = CGˆ(z). Then
F ∗(Gˆz) is an extraspecial subgroup P of order 25. In case (2), P ∼= D8Q8 and Gˆz/P ∼= A5. In
the remaining cases, P ∼=Q28 and Gˆz/P ∼= S3.
We first observe:
8.1. O(Gz)P Gz.
Proof. Suppose that P ∗ is strongly closed in S∗0 with respect to G∗z . Observe elements of P ∗
lifting to involutions are not fused to elements lifting to elements of order 4, so from the main
theorem of [Go], either the lemma holds, or 〈P ∗G∗z 〉 = L∗1 ∗ L∗2, where L∗i ∼= SL2(qi) for some
qi ≡ ±3 mod 8, or case (1) holds and L∗2 ∼=Q8. From Sections 5 and 6, P − 〈z〉 contains conju-
gates of both z and r ∈R#, so all involutions in P − 〈z〉 are not fused in Gz. Hence if the lemma
fails then case (1) holds, L∗1 ∼= SL2(q1), and L∗2 ∼= Q8. Adopt the notation 2.6(2). From the ac-
tion of Gz on P , v commutes with 6 members of vG and 4 members of zG in P − 〈z〉. However
from the proof of 5.10, v commutes with members of vG in v〈z〉 and vx〈z〉, with members of zG
in x2〈z〉, and with members of d〈z〉 and dv〈z〉 = du〈z〉; this fusion is not compatible with the
fusion in the previous sentence.
Thus we may assume P ∗ is not strongly closed in S∗0 with respect to G∗z . From our dis-
cussion of Gˆ, P ∗ = J (S∗0 ) ∼= E16, and S∗0 is E4 wr Z2 in cases (1) and (3), and Z2 wr E4 in
case (2). Hence as P ∗ is not strongly closed, Corollary 6 in [Go] says cases (1) and (3) do not
hold. Thus case (2) holds and S∗ is Z2 wr E4, so by 2.7, there is D  S such that D∗ ∼= Q28,
and x ∈ Gz such that Px  NG(D), and setting X = 〈P,P x〉, X/O(X)D ∼= S3. This forces
D = Q, the subgroup isomorphic to a Sylow 2-group of L3(4). However NG0(Q) has no such
subgroup X. Namely O2(X) centralizes Z = Z(Q), while O2(Aut(Q))/O2(Aut(Q)) ∼= E9 and
then AutS0(Q)O2(CAut(Q)(Z)) is 2-closed, since for s an involution in S0 − Q and Y an s-
invariant Sylow 3-subgroup of Aut(Q), CY (s)= CY (Z) as [Z, s] = 1. 
8.2.
(1) O(H) = 1.
(2) R H .
Proof. When T  A, the lemma follows from 7.2(1). Thus we may assume T  A, and adopt
the notation of Section 5. Therefore Z  A, so K  CGz(Z), which is solvable by 8.1. Thus
RO(H)  H . Next O(H) = ΓT,1(O(H))  Hg , so O(H) = O(Hg). Now one can repeat the
proofs of 7.1 and 7.2, with a little variation, to obtain the lemma. 
8.3. O(Gz)= 1.
Proof. First, O(Gz) = ΓR,1(O(Gz))  H , so O(Gz)  O(CH (z)). But by 8.2(1),
O(CH (z)) = 1, so the lemma holds. 
8.4. If n= 5 then G0 ∼= Gˆ.
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If a ∈ G with z = za ∈ P , then by 8.7 in [SG], z ∈ Pa , so D = CPa (z) acts on P , and
E = P ∩ Pa is elementary abelian. Indeed m2(E)m2(P ) = k, and k = 3 in cases (1) and (3),
while k = 2 in case (2). Also
4 − k =m2(D/E)m2(S0/P )=m,
and m = 1 in (1) and (3), while m = 2 in (2). It follows that m2(E) = k and m2(D/E) = m, so
DP ∈ Syl2(Gz) and 〈z, za〉DP .
Next P contains each normal 4-subgroup of S0, so Z  P in cases (1) and (2). Assume case
(2) holds. As k = 2 = m2(Z), Z = V ∩ P . Then as all involutions in vP are fused into v〈z〉 for
v ∈ V − Z, all involutions in S − P are in rG. Thus as Z is not strongly closed in S by 5.9,
there is za ∈ P − Z. Then by the previous paragraph there is S1 ∈ Syl2(Gz) with 〈z, za〉  S1,
so S = S1. Then as Out(P ) ∼= S5, it follows that 〈S,S1〉 = Gz and Gz/P ∼= A5. Thus G ∼= Gˆ
by 47.10 in [SG].
Next assume case (1) holds, and adopt the notation in the proof of 2.6. As P ∗ = J (S∗0 ), P =〈Z,xy, v, d〉. Next all involutions in vX− vZ are fused under YX, for Y ∈ Syl3(NA(Z)), and all
involutions in S0 − P are fused into 〈vx, z〉 under P . Thus all involutions in Gz − P are fused
to xv, which is in turn fused to xyv ∈ P −V . Thus as Z is not strongly closed in S0 with respect
to G0 (from the proof of 2.6), there is za ∈ P −Z. By paragraph one, 〈z, za〉 S1 ∈ Syl2(Gz). So
as Z is the unique normal 4-subgroup of S0, S0 = S1. Let G1 = 〈S0, S1〉. As Out(P )∼= S3 wr Z2,
G1/P ∼= S3. As v and za are not fused in G, Gz =G1. Now G0 ∼= Gˆ by Theorem 1 in [A3].
Thus we may assume case (3) holds. If Gz = S then arguing as in the previous paragraph,
Gz/P ∼= S3, and then Theorem 1 in [A3] says G ∼= Gˆ. Thus we may assume Gz = S. But (cf.
the proof of 5.9) V is not strongly closed in S, and from the proof of 6.7, S ∼= Z2 wr E4. Thus
Gz = S by 2.7. 
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